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PLANE COORDINATE GSOMETRY 



1. Introduction . 

Mathematics is the only science in which practically nothing 
ever has to be t -own away. Of course, mathematicians are people, 
and being people, they make mistakes. But these mistakes usually 
are caught pretty quickly. Therefore, when one generation has 
learned something about mathematics, the next generation can go on 
to learn some more, without having to stop to correct serious 
errors in the work that was supposed to have been done already. 

One symptom of this situation is the fact that nearly all of 
the geometry usually studied in high school wae known to the 
ancient Greeks, over two thousand years ago. The first really 
big step forward in geometry, after the Greeks, was in the seven- 
teenth century. This was the discovery of a new method, called 
coordinate geometr y, by Rene Descartes (1596-I650). 

This pamphlet is intended to give you an introduction to 
coordinate geometry of the plane— Just enough to give you an idea 
of what it is like and how it works. Coordinate geometry may be 
described roughly as the application of algebraic principles to 
the study of geometric relationships. Therefore, it is assumed 
that you have couipleted the major part of a year's study of 
geometry. You should, for example, be familiar with such ideas 
as congruence, sinilarity, parallelism, and perpendicularity. 

Some of the symbols used in this publication may differ from 
those you have used. However, they are easily understood; an 
explanation o*- some of them is given below. 



AB represents the line containing the 
two distinct points X~and B. A line has 
no end-points, but extends indefinitely 
in both of its senses of direction. 



AB represents the ray having A as its 
end-point, and containing point B. Note 
that a ray has exactly one end -point. 
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AB represents the segment having A arui 
B as end-points, A segment then has two B 
end-points, and may te described as a set * ^^^^.....--.^ 

of points consisting of two distinct points 9^ 
of a line together with all points of the 
line between the two points. 



AB represents the distance between points 
A and B, For example, the figure at the 
right, suggesting a ruler placed along the 
representation of line AB, indicates AB = 7. 



B 



It is to be noted then that symbols such as AB, AB, 
and IE denote sets of points,' or geometric figures* 
(Any geometric figure is a set, or collection, of 
points.) On the other hand, a symbol such as AB 
represents a real numberj that is, a measure of 
distance. (These symbols are purely arbitrary, 
and the fact that they may be new to you should in 
no way affect your understanding of geometry.) 



ttC^means "the number a is less than the number b". 

For example, "3 < 4" la a true statement; "4 < 3" is false. 

If X < 0, then x is negative. 

If X 0, then x is zero or negative. 



means "the number b is greater than the number a". 
In other words, it has the same meaning as "a < b". 
If X > 0, then x is positive. 
If x > 0, then x is zero or positive. 



"absolute value of the number 



0. 



\cl\ meanf: 

If a = 0, lal - 0. That is, iO| = 

If a > 0, a = a. For example, |5I = 5. 

If a / 0, a -a. For example, = 5. 

Note that |a| is always a non-negative number. That is, 

ja( > 0. Ther?^'-. distances are often expresse i in terms of 
absolute values. 
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2. Coordinate Systems in a_ Plane. 

\ i \ 1 + 1 ± 1 H- 



-2 0 X I ^ 2 37r 

A coordinate system can be set up on a line so that every number 
describes a point, and every point P on the line is determined 



when its coordinate x is named. On the line i^presented above, 
a coordinate systenj has been set up, and several coordinates are 
indicated in the diagram. 

In coordinate geometry, we do the same sort of thing in a 
plane, except that in a plane a point is described not by a single 
number, but by a pair of numbers. The scheme works like this: 



2 .. 



I ■■ 



■4- 



-2 



-I 0 
-I ■ 



-2 



t 



First we take a line X in the plane, and set up a coordinate 
system on X. This line will be called the x-axls . In a figure 
we often use an arrowhead to emphasize the positive direction on 
the x-axls. 

Next we let Y be the perpendicular to the x-axls through 
the point 0 whose coordinate is zero, and we set up a coordinate 
system on Y. By the Ruler Placement Postulate* this can be done 
so that point 0 also has coordinate zero on Y. Y will be 
called the y-axis . As before, we indicate the positive direction 
by an arrowhead. The Intersection 0 of the two axes is called 
the origin . 

We can now describe any point in the plane by a pair of 
numbers. The scheme is this. Given a point p, we drop a per- 
pendicular tD the x-axls, ending at point M, with coordinate x. 
We drop a perpendicular to the y-axis, ending at point N, with 
coordinate y. (We can call M and N the projections of p 
into X and Y.) 



♦The Ruler Placement Postulate may be stated in the following way: 
Given any two points p and Q of a line, the coordinate system 
can be chosen in such a way that the coordinate of P is zero and 
the coordinate of Q is positive." 
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Definitions ; The numbers x and y 
coordinates of the point Pj x 
and y is the y>coordinate . 



are called the 

is the x-coordinate 




In the figure x 
has coordinates l*^ and 



1^ and y 



2^4 



Wie point P therefore 



We write these coordinates in the 

form (1^,2|)^ giving the x-coordinate first. To indicate that 
point P has these coordinates, we write PCl-l-za^) or F:(l^jS|') 



if 
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Let us look at sooie more exaiaples, 




We read off the coordinates of the points by following the dotted 
lines, llius, (.i.a coordinates, in ea*ch case, are as follows: 

Pl(2,l) 

P3(-l,3) 
P4{-3,1) 
P5(-2,-3) 
P6C2,-2) 

p^C^,-^) 
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Notice that the order in which the coordinates are written 
naSces a difference. The point with coordinates (2,1) is not the 
same as point (1,2). Thus, the coordinates of a point are really 
an ordered pair of real numbers. The convention of having the 
first nuniber of the ordered pair be the x-coordinate, and the 
second the y-coordinate, is highly important. 

Just as a single line separates the plane into two parts 
(called half-planes), so the two axes separate the plane into four 
parts, called quadrants . The qtiadrants are identified by number, 
like this: 



Y 



i 

ii 


i 

1 


Iti 

t 


IV 



X 



We have shown that any point of our plane determines an 
ordered pair of numbers. Can we reverse the process? That Is, 
given a pair of numbers {a,b) can we find a point whose coordin- 
ates are (a,b)? The answer is easily seen to be "yes". In fact, 
there is exactly one such point, obtained as the intersection of 
the line perpendicular to the x-axls at the point whose coordinate 
is a and the line perpendicular to the y-axis at the point whose 

coordinate is b. 

Thus, we have a one-to-one correspondence between points in 
the plane and ordered pairs of numbers. Such a correspondence is 
called a coordinate system In the plane. A coordinate system is 
specified by choosing a measure of distance, an x-axls, a y-axis 
perpendicular to It and a positive direction on each. As long as 



6 

1 ' 



we stick to a specific coordinate aystem, each point p is assoc- 
iated with exactly one number pair (a,b), and each number pair 
with exactly one point. Hence, it will cause no confusion if we 
say the number pair is the point, thus enabling us to use such 
convenient phrases as "the point (2,3)" or "P - {a,b)". 



3. How to Plot Points on Graph Paper . 

As a matter of convenience, we ordinarily use printed graph 
paper for drawing figures in coordinate geometry. The horizontal 
and vertical lines are printed; we have to draw everything else 
for ourselves. 
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In the figure above, the dotted lines represent the lines that are 
already printed on the paper. The x-axis and the y-axis should be 
drawn with a pen or a pencil. Notice that the x-axls Is labeled 
X rather than X; this is customary. Here the symbol x is not 
the name of anything, but merely a reminder that the coordinates 
on this axis are going to be denoted by the letter x. Similarly, 

7 t ^ 
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for the y-axis. Kext, the points with coordinates (1,0) and 
(0,1) must be labeled in order to indicate the unit to be used. 

This is the usual way of preparing graph paper for plotting 
points. We could have Indicated a little less or a lot roore. For 
your own convenience, it is a good idea to show more than this. 
But if you show less, then your work may he actually unintelligible. 

Note that we could draw the axes in any of the following 
positions : 




\ < 

X 



and so on. There is. nothing logically wrong with of these 
ways of drawing the axes . People find it easier to read each 
other's graphs, however, if they agree at the outset that the 
X-axis is to be horizontal, with coordinates increasing from left 
to right, and the y-axis is to be vertical, with coordinates in- 
creasing from bottom to top. 

Problem Set 1,. 

1. Suggest why the kind of coordinate system used in this i ara- 
phlet is sometimes called "Cartesian". 

2. What are the coordinates of the origin? 

3. What is the y-coordinate of the point (7,-3)? 

4. Name the point which is the projection of (0,-4) into the 
x-axis . 

5. Which pair of points are closer together, (2,1) and (1,2) 
or (2,1) and (2,0)? 
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6. In Which quadrant is each of the following points? 
a. (5,-3). c. {s,3). 

^. (-5,3). d. (-3,-3). 

7. What are the coordinates of a point which does not lie in 
any quadrant? 

8. The following points are projected into the x-axis. Write 
them in such an order that their projections will be in 
order from left to right. 

A:(6,-3). B:{-2,5). C:(0,-i^). D:(-5, ). 

9. If the points in the previous prohlem are projected into the 
y-axis arrange them so their projections will be in order 
from bottom to top, 

10. If s is a negative number and r a positive number, in 
what quadrant will each of i;he following points lie? 

a. (s,r). e. (r,s). 

{-s,r). f. (r,-s). 

c. (-B,-r). g. (-r,-s). 

(s,-r). h. (-r,s). 

11. Set up a coordinate system on graph paper. Using segments, 
draw some simple picture on the paper. On a separate paper 
list in pairs the coordinates of the endpjints of the segments 
in your picture. Exchange your list of coordinates with 
another student, and reproduce the picture suggested by his 
list of coordinates, 

♦12. A three-dimensional coordinate system can be formed by con- 
sidering three mutually perpendicular axes as shown. The 
y-axis, while drawn on this paper, represents a line perpen- 
dicular to the plane of the paper. 
The negative portions of the 
X, y and z axes extend to 
the left, to the rear, and (0,0,1 
down, respectively. Taken in 
pairs, the three axes determine ^ y 

three planes called the yz -plane, ' 
the xz -plane, and the xy -plane. 
A point (x,y,z) is located by its 
three coordinates: the x-coordinate 
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is the coordinate of its projection ini.o the x-axisj the 

y and z coordinates are defined in a corresponding manner. 

a. On which axis will each of these points lie? 

(0,5,0)j (-l,0,0)j (0,0,8). 

b. On which plane will each of these points lie? 

(2,0,3)j (0,5,-T)j (1,1,0). 

c. What is the distance of the point (3,-2,4) from the 
xy -plane? frcin the xz-plane? from the yz-plane? 



4. The Slope of a Non-Vertical Line. 

The X-axis and all lines parallel to it are called horizontal. 
The y-axis and all lines parallel to it are called vertical. 
Notice that these words are defined in terms of the coordinate 
system that we have set up. 

y 



On the horizontal line I^, all points have the same y-coordlnate 
b, because the point (0,b) on the y-axis is the foot of all the 
perpendiculars from points of L^. For the same sort of reason, 
all points of the vertical line have the same x-coordinate a 

Of course, a segment is horizontal (or vertical) if the line con- 
taining it is horizontal (or vertical). 
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Conaider now a segment where - i^iiYi) and 

^2 ■ (*2'^2^' suppose that fpT is not vertical. 





P|{X|.y, ) 




i i 

1 t 
1 t 
— ■ — 1 1 , 


0 





Definition : The slope of "FTPT is the number ra - - . 

12 ^2 - ^1 • 

This really is a number: since the segment is not vertical, 

and Pg have different x-coordinates, and so the denominator 

is not zero. Some things about the slope are easy to see, 

(1) It is important that the order of naming the coordinates 
Is the same in the mraerator as in the denominator. Thus, if we 
wish to find the slope of "fcL where P « (1,3) and Q - (4,2) 
we can either choose P^^ - P, - 1, y^ = 3, Pg <= Q, = 4, 

72 " 2* giving slope of "F^ -= | " | * " 5^ 

or P^ - Q, x^ . y^^ - 2, Pg = P, xg = 1, yg = 3, 

giving slope of ^ « | " | - - "I. 

\ilhftt we ca nnot say is 

slope of P5 » 111 0^ I - t • 
Notice that if the points are named in reverse order, the 
slope is the same as before. Algebraically, 

yi - ^2 ^ ^2 - ^1 ^ 

Tbm, the value of m depends only on the segaent, not on the 
order in which the endpolnts are named. 

(2) If m » 0, then the segtnent is horizontal, (Algebraical- 
ly, a fraction is zero only if its numerator is zero, and this 
means that yg - y^.) 

11 
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(3) If the se^nent slopes upward from left to rights as In 
the left-hand figure below, then ro > 0, because the numerator 
and dencOTlnator are both positive ( or both negative, if we reverse 
the order of the endpoints), 

(4) If the segment slopes upward from right to left as in 
the right-hand figure below, then m < 0. OSiis is because m can 
be written as a fraction with a positive numerator yg - and a 
negative denominator Xg - (or equivalently, a negative numer- 
ator y^^ - and a positive denomixmtor - Xg) . 




X 



(5) We do not try to write the slope of a vertical segment, 
because the denominator would be zero, and so the fraction would 
be meaningless. 

In either of the two figures above, we can complete a right 
triangle ^ ^^^2^' drawing horizontal and vertical lines 
through P-j and P^, like this : 



y y 

4^ 




Since opposite sides of a rectangle are congruent, it is easy to 
see that 

(1) If m > 0, then m = and 

12 ' ^ 



(2) if m < 0, then n 



Onoe we knovi this much about slopes, it is easy to get our 
first basic theorem. 

Theorem 1. On a non-vertical line, all segments have the 
same slope. 

Proof: There are three cases to be considered. 
Case (l): If the line is horizontal, all segments on it 
have slope zero. 





Case (2) Case (3) 

In either of the cases illustrated above, /a « ^a^ 
and since the triangles are right triangles, this means that 

Therefore, in either case. 

In Case (2), these fractions are the slopes of P^P^ ar.d 
^1 ' ^2 ' therefore the segments have the same slope. In Case (3) 

the slopes are the ne^tives of the same fractions, and are there 
fore equal. 

Theorem 1 means that we can talk not only about the slopes of 
segments but also about the slopes of lines: the slope of a non- 
vertical line is the number m which is the slope of every seg- 
ment of the line. 

13? r 
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Problem Set 2 

1. Replace the in such a way that the line through the two 
'points will be horizontal, 

(a) (5,7) and (-3,?). 

(b) (0,-1) and (4,?). 

(c) (x3^,y-|^) and (xg,?). 

2. Replace the in such a way that the line through the two 
points will be vertical, 

(a) (?,2) and (6,-4). 

(b) (-3,-1) and (?,0). 

(c) (x^,y^) and (?,y2). 

3. By visualizing the points on a coordinate system in parts 
(i*), (b), and (c), give the distance between: 

(a) (5,0) and (7,0). 

(b) (5,1) and (7,1). 

(c) (-3,-4) and (-6,-4). 

(d) What is alike about parts (a), (b) and (c)? 

(e) State a rule giving an easy method for finding the 
distance between such pairs of points. 

(f) Does your rule apply to the distance betwen (6,5) and 
(3,-5)? 

4. By visualizing the points named in parts (a), (b), (c) and 
(d) on a coordinate system, give the distance between the 
points in each part. 

(a) (7,-3) and (7,0). 

(b) (-3,1) and (-3,-1). 

(c) (6,8) and (6,4). 

(d) and (x^,y2). 

(e) What is alike about parts (a), (b), (c) and (d)? 

(f ) State a rule giving an easy method for finding the 
distance between such pairs of points. 
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5. With perpendiciilars d«iwn as showi beXoK, what are the 
coordinates of A, B and C? 



^2.5) 




,0(3,2) 



P 

(-6.-5) 



6. Determine the distances from P and Q to points A, B 
and C in Problem 5. 

7. Compute the slope of Jq, for each figure in Problem 5. 

8. A road goes up 2 feet for every 30 feet of horizontal 
distance. What Is its slope? 

9. Determine the slope of the segment joining each of the follow- 
ing point pairs. 



(a) 


(0,0) 


and 


(6,2). 


(b) 


(0,0) 


and 


(2,-6). 


(c) 


(3,5) 


and 


(7,12). 


(d) 


(0,0) 


and 


(-^,-3). 


(e) 


(-5,7) 


and 


(3,-8). 


(f) 




and 




(g) 


(-2.8,3.1) 


and (2.2,-1.9). 



10. Replace the "?" by a number so that the line through the two 
points will have the slope given. (Hint: Substitute in the 
slope formula.) 

(a) (5,2) and (?,6). m = 4. 



(^,0) and (0,^). 



(b) (-3,1) and (4,?). 



m 



1 

2' 
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•11. and M are non-vertical lines. Prove that ?S » ?S" 

if and only if they have the same slope; and consequently 
if ?r and have different slopes, then P, A and B 
cannot be colllnear. (A set of points is collinear If every 
point in the set lies on one line.) 

12. (a) Is the point B(4,13) on the line joining A(l,l) to 

0(5,17)? (Hint: Is the slope of JS the same as that; 
of 15"?) 

(b) Is the point (2,-1) on the segment joining (-5,^) 
o (6,-8)? 

13. Determine the slope of a segnent joining: 

(a) (0,n) and (n,0). 

(b) (2d, -2d) and (0,d). 

(c) (a + b,a) and (a - b,b). 

14. Given A:(101,102), B:(5,b), C:(-95,-94), determine 
whether or not lines and coincide. 

15. Given A:(l01,102), B:(5>6), C:(202,203)^ D:(203,204). 
Are and parallel? Could they possibly coincide? 

16 ♦ Draw the part of the first quadrant of a coordinate systens 
having coordinates less than or equal to 5. Draw a segment 
through the origin which, if extended, would pass through 
P( 80000000, 60000000 } . 
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5. PaKtllel ar.d Perpendicular Lines . 

It is easy to see the algebraic condition for two non-vertical 
lines to be parallel. 




If the lines are parallel, then A PQ^^ A P'Q'R', and it 
follows, as in the proof of the preceding theorem, that they have 
the same slope. 

Conversely, if two different lines have the same slope, then 
they are parallel. We prove this by the method of contradiction. 




Assume as in the figure above that and are not parallel 

If, as shown in the figure, is their point of intersection, 

and Pg and have the same x-coordinate x^, the slope of 
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2^^ 



is 



yg - y 



m, « -r= J and the slope of L« 

2 " ^ 



is 



^3 " ^1 



- X, 



^ " *1 

Since / yg* the fmctions cannot be eci-ual, and hence, 

^ °2' ®^ Initial assumption that the two lines L^^ and 

were not parallel has led us to a contradiction of the hypo- 
thesis that nij^ « nig. Hence, the two lines 1^ and Lg must be 

parallel. 

Thus, we have the theorem: 

g^eorem 2. Two non-vertical lines are parallel if and only 
if they have the same slope. 

Now turning to the condition for two lines to be perpendicular, 
let us suppose that we have given two perpendicular lines, neither 
of which is vertical. 

y 




Let P be their point of intersection. As in the figure, let Q 
be a point of one of the lines, lying above and to the right of P. 
And let Q» be a point of the other line, lying above and to the 
left of P, such that PQ' = PQ. We complete the right triangles 
/\?QB. and AQ'FR' as indicated in the figure. Ihen 

_^PQH = A^i'P^'* (Why?) 
Therefore, Q'R' = PR and R'P - RQ, 



and, hence. 

Let m be the slope of 
Then 

and 



PR 



m 



and let 

PR ' 

1 
sn 



m' 



be the slope of . 
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TtULt iB, the slopes of perpendicular lines are the negative 
reciprocals of each other. 

Suppose, conversely, that we know that m' We then 

construct ^PQR as before, and we construct the right triangle 
^Q'PR' making R'P - RQ. We can then prove that Q'R' « pR; 
this gives the same congruence, ^PQRS AQ'PR' as before, and it 
follows that ^Q'PQ is a right angle and, hence, PQ_L PQ'. 

These two facts are stated together in the following theorem: 

Theorem 3. Two non-vertical lines are perpendicular if and 
only if their slopf c are the negative reciprocals of 
each other. 

Notice that while Theorems 2 and 3 tell us nothing about 
vertical lines, they don't really need to because the whole prob- 
lem of parallelism and perpendicularity is trivial when one of the 
lines is vertical. If L is vertical, then L' is parallel to 
L if and only if L' is also vertical (and different from L.) 
And if L is vertical, then L' is perpendicular to L if and 
only if L' is horizontal. 



Problem Set _3. 

1. Pour points taken in pairs determine six se©nents. Which 
pairs of segments determined by the following four points 
are parallel? A(3,6)j B(5,9); C(8,2); D(6,-l). (Caution: 
Two segments are not necessarily parallel if they have the 
same slope i ) 

2. Show by considering slopes that a parallelogram is formed by 
drawing segments joining, in order, A(-l,5), B(5,l), C(6,-2) 
and D(0,2). 

3. Lines L^, L^, and have slopes -4, -l^ and ^. 
respectively. Which pairs of lines are perpendicular? 

^, It is asserted that both of the quadrilaterals whose vertices 
are given below are parallelograms. Without plotting the 
points, determine whether or not this is true. 

(1) A:(-5,-2) B:(-4,2), C:(4,6), D:(3,l). . 

(2) P:(-2,-2) Q:(4,2), R:(9,l), S:(3,-3). 
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5. The verticeo of a triangle are A(X6,0}, B(9«2} and C(0,0). 

(a) What are the slopes of it£t sides? 

(b) What are the slopes of its altitudes? 

6. Show that the quadrilateral Joining A(-2,2), B{2, -2), 
C(^,2), and D(2,4) is a trapezoid with perpendicular 
diagonals. 

7. Show that a line through (3n,0) and (0,n) is parallel to 
a line through (6n,0) and (0,2n}. 

8. Show that a line through (0,0) and (a,b) is perpendicular 
to a line throu^ (0,0) and (-b,a). 

*9. Show that if a triangle has vertices X(r,s), Y(na+r,nb+s) 
and Z(-inb + r,ma 4- s) it will have a right angle at X. 

10. Given the points p(l,2), Q(5,-6) and R(b,b); determine 
the value of b so that /pQB- is a right angle. 

11. P = (a,l), Q » (3,2), R - (b,l), S = (4,2). Prove that 
?Q / and that if ?Q then a - b - 1. 



6, The Distance Formula . 

If we know the coordinates of two points P^ and F^, then 
we know lAiere the points are, and so the distance F^Pg is 
determined. Let us now find out how the distance can be calculated. 
What we want is a formula that gives P]_^2 terms of the 
coordinates x, , x«, y, and y^. 
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Let the projections M^, Mg, and be as in the figure. 
By the Pythagorean 'meorem, (^1^2^^ " (PjR)^ + (RPg)^* 

A^so p^R M^Mg and RPg « N^Ng, 

because opposite aides of a rectangle are congruent. 
Therefore, (^i^aJ^ * (M^Mg)^ + (N^Ng)^. 

But ire know that M^Mg « jxg - 

»nd N^Ng - |yg - y^j. 

Therefore, (P^Pg)^ = ^ k^\^ + - . 

Of course, the square of the absolute value of a number is the 
same as the square of the number itself. 

Therefore, (P^P2)2 = (^^ . ^^)2 ^ _ y^)2^ 
and since P^Pg 2 0, this means that 

^1^2 - /(xg - x^)2 + (y^ - y^)2 . 

This is the formula that we are looking for. Thus, we have the 
theorem: 

Theorem k, (The Distance Formula.) The distance between 
the points {x^,y^) and (x2,yg) is equal to 

>V/ (Xg - x^}^ + (yg - y^f . 
For example, taJce P^ = (-1,-3) and Pg - (2,4). 

By formula, p^Pg = (2 + 1)^ + (4 + 3)^ 




Of course, if we plot the points, as above, we can get the 
same smswer directly ftom the Pythagorean HSieorem; the legs of 
the right triangle A^i^a lengths 3 and 7, so that 

P^Pg ~^3^ + 7^, as before. If we Tind the distance this way, 
we are of course simply repeating the derivation of the (".stance 
formula In a specific case. 

Problem Set k, 

X, (a) Without using the distance formula, state the distance 
between each pair of the points: A(0, 3), B(l,3), 
C(-3,3) and D(4.5,3). 

(b) Without using the distance formula, state the distance 
between each pair of the points: a(2,0), B(2,1), 
C(2,-3) and D(2,4.5). 

2, (a) Write a simple formula for the distance between (x2^,k) 

and (xg,k). (Hint: The points lie on a horizontal line.) 

(b) Write a simple formula for the distance between (k,y^) 
and (k^yg). 

22 



3. Uae the diat*nce forsnula to find the distance between: 

(a) (0,0) and (3,^). (e) (3,8) and (-5,-7). 

M (0,0) and (3,-^). (f) (-2,3) and {-1.4). 

(c) (1,2) and ie,lk). (g) (10,1) and (^9,8l). 

(d) (8,11) and (15,35). (h) (-6,3) and (^^,-2). 

^. (a) Write a formula for the square of the distance between 
the points {x^sV^) and (x2,y2)- 
(h) Using coordinates, write and simplify the statement: 
The square of the distance between (0,0) and 
(x,y) is 25. 

5. Show that the triangle with vertices R(0,0), S(3,4) and 
T(-l,l) is isosceles by computing the lengths of its sides. 

6. Using the converse of the Pythagorean Theorem, show that the 
triangle joining D(l,l), E(3,0) and F(4,7) is a right 
triangle with a ri^t angle at D. 

7. Given the points A(-l,6), B(l,4) and C(7,-2). Prove, 
without plotting the points, that B is between ^. and C. 

8. Suppose the streets in a city form congruent square blocks 
with avenues running east-west and streets north-south. 

(a) If you follow the sidewalks, how far would you have to 
walk from the comer of 4th Avenue and 8th Street to 
the comer of 7th Avenue and 12th Street? (Use thp 
length of 1 block as your unit of length.) 

(b) What would be the distance "as the crow flies" between 
the same two comers? 

9. Vertices W, X and Z of rectangle VXYZ have coordinates 
(0,0), (a,0) and (0,b), respectively. 

(a) What are the coordinates of Y? 

(b) Prove, using coordinates, that WY = XZ. 

*10. (a) Using 3-dimensional coordinates (see Problem 12 of 

Problem Set 3), compute the distance between (0,0,0) 
and (2,3,6). 

(b) Write a formi\la for the distance between (0,0, 0) and 
(x,y,2). 

(o) Write a formula for the distance between P^(x^,y^,z^) 
and ?2^^2'^2'^2^' 
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7, The Mid -Point Formula . 

In Section 8 we will be proving geometric theorems by the use 
of coordinate systems. In some of these proofs, we will need to 
find the coordinates of the midpoint of a segment P^j^Pg in ternns 
of the coordinates of and Pg. 

First let us take the case where P^ and Pg are on the 
X-axis, with X, < X-, like this: 




and P is the midpoint, with coordinate x. Since x^^ < x < Xg, 
we know that P^P = x - x^ and PPg = - x. 

Since P is the midpoint, this gives 



or 



X - X^^ — Xg - X, 



X = 2 



In the same way, on the y-axis, 

yi ^2 

y = — 2 — . 

Now we can handle the general case easily; 
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Since P is the midpoint of 7^ it follows by similar triangles 
that R is the midpoint of P^S. Since opposite sides of a rec- 
tangle are congruent, U is the midpoint of W. IHierefore, 

^1 ^2 

In the same way, projecting into the y-axls, we can show that 

V ^ ^2 

y = — g — . 

Thus, we have proved: 

Theorem 5. (The Midpoint Formula.) Let' = ^^I'^i^ 

let Pg = {x2''^2^' "^^^ midpoint of is the 

point 

p _ /iilii £ijj[2. 

^ - \ 5 'J 5 / • 



Problem Set ^, 

1. Visualize the points whose coordinates are listed helow and 
compute mentally the coordinates of the midpoint of the 
se^nent joining them. 

(a) (0,0) and (0,12). 

(b) (0,0) and (-5,0). 

(c) (1,0) and (3,0). 

(d) (0,-7) and (0,7). 

(e) (4,4) and (-4,-4). 

2, Use the midpoint formula to compute the coordinates of the 
midpoint of the segments Joining points with the following 
coordinates . 

(a) (5,7) and (11,17). 

(b) (-9,3) and (-2,-6). 

(c) (|,|) and (§,^). 

(d) (2.51,-1.33) and (0.65,3.55). 

(e) (a,0) and (b,c). 

(f) (r + s,r - s) and (-r,s). 
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3. (a) One endpolnt of a segment is (^,0)j the midpoint is 

(4,1). Visualize the location of these points and state, 
without applying formulas, the coordinates of the other 
endpoints . 

(b) One endpoint of a segment is (13,19). The midpoint 
is (-9,30). Compute the x and y coordinates of 
the other endpoint by the appropriate formulas. 

4. A quadrilateral is a square if its diagonals are congruent, 
perpendicular, and bisect each other. Show this to be the 
case for the quadrilateral having vertices, A (2.1), B(7,4). 
C(4,9), and D(-l,6). 

5. If the vertices of a triangle are A(5, -1)* B(l,5) and 
C(-3,l), what are the lengths of its medians? 

6. Given the quadrilateral Joining A(3,-2), B(-3,4), C(l,8) 
and D(7,4), show that the quadrilateral formed by joining 
its midpoints in order is a parallelogram. *y 

7. Using coordinates, prove that 
two of the medians of the tri- 
angle with vertices (a,0), 
(-a,0) and (0,3a) are per- 
pendicular to each other. 

8. Relocate point P in the figure preceding OJieorem 5, so that 
pp^ = §^1^2 ^^"^ f oiTHulas for the coordinates of P in 
terms of the coordinates of and Pg. {P is between 

P^ and Pg, and > . ) 

*9. (a) Prove: If P^ = U^sV-^), " (^2*^2^ ^ " ^^'^^ 

and if P is between P^ and P^ such that 

pp rx + sx, ryg + sy^^ 

^ ^ |, then X = g ^ 3 and y - ^ + s ' 

(b) Use the result of part (a) to find a point P on the 
segment joining P^(5,ll) and P2(25,36) such that 

^^1 3 




8. Proofs of Geometrlo Kieorems. 



Let UB now put our coordinate systems to work in proving a 
few geometric theorenss. We start with a theorem that you may have 
already proved by other methods. 

Theorem A. The segment between the midpoints of two sides of 



a triangle is parallel to the third side and half as long. 



Restatement: In ^^ABC let D and E be the midpoints of 
3E and 55". Then MUSS" and DE » -^C. 

A 



Proof: The first step in using coordinates to prove a 
theorem like this is to introduce a suitable coordinate system. 
That is, we must decide which line is to be the x-axis, which the 
y-axis, and which direction to take as positive along each axis. 
We iiave many choices, and sometimes a clever choice can greatly 
simplify our work. In the present case it seems reasonably sirapli 
to take as our x-axls, with BC as the positive direction. 

The y-axis we take to pass through A, with ^ as the positive 
direction, like this: y 



The next step is to determine the coordinates of the various 
points of the figure. The x-coordinate of A is zero; the y- 
coordlnate could be any positive number, so we write A = (0,p), 
with the only restriction on p being p > 0. Similarly, 
B = (q,0) and C = {r,0), with r > q. (Note that we might have 





X 
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any of the cases Q<r<0, q<r-0, <i<0<r, 0-<i<r, 
0 < q < r. Our figure illixstrates the third case.) The coor- 
dinates of D and E <?an now be found by the midpoint formula. 
Ve get 

D - (f,f), E = (|,|). 
•merefore, the slope of ^ ia 




(since q r, the denominator is not zero). 
Likewise, the slope of S3" is 




and so Df | Finally, by the distance formula, 

DE = /(|-|)2^ (|-f)^ » iL^, 

and BC = ^(r - q)^ + (O - O)^ = r - q, 

so that DE = ■^C. 

The algebra in this proof can be made even easier by a simple 
device. Instead of setting A - (O^p), B - (q,0), C = (r,0) we 
could just as well have put A = (0,2p), B » (2q,0), C = (2r,0)j 
that is, take p, q and r as half the coordinates of the points 
A, B and C. If we do it this way, then no fractions arise when 
we divide by 2 in the midpoint formula. This sort of thing 
happens fairly often; foresight at the beginning can take the place 
of patience later on. 

Theorem B. If the diagonals of a parallelogram are congruent, 
the parallelogram is a rectangle. 

Restatement: I^et ABCD be a parallelogram, and let AC BD. 
Then ABCD is a rectangle. 
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Proof: Let us take the axes as shown In the figure. -Rien 
A - (0,0), and B (p,0) with p > 0. If we assume nothing 
about the figure except that ABCD is a parallelogram D could 
be anywhere in the upper half -plane, so that D - (Q,r) with 
r > 0, but no other restriction on q or r. However, C is 
now determined by the fact that ABCD is a parallelogram. It 
is fairly obvious (see the preceding proof for details) that for 
155" to be parallel to IS we must have C - (s,r). s can be 
determined by the condition E?! 1305, like- this: 



slope of S5" = slope of "KSj 



r - 0 r - 0 



or 



rq « r(s - p), 

q » s - p, (since r / O) 

s = p + q. 

(The coordinates (p + q,r) for C can be written down by in- 
spection if one Is willing to assume earlier theorems about 

parallelograms, for example, that ABCD is a parallelogram if 
S5| ICD and AB - CD.) 

Now we finally put in the condition that AC = BD. Using the 
distance formula, we get 

// (pi-q-of + (r-0)^ =V^(q-p)^ + (r-O)^. 
Squaring gives 

(p + q)^ + r^ = (q - p)2 + ^,2^ 



or 



P^ + 2pq + q2 + = q2 , 2pq + p2 + r^. 



4pq = 0. 
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Now If / 0 and p ?^ Oj hence, q - 0. This means that D lies 
on the y-axls, so that ^BAD is a right angle and ABCD is a 
rectangle. 



Problem Set 6. 



Prove the following theorems using coordinate geometry: 

1. Ttie diagonals of a rectangle have equal lengths, 
(Hint 5 Place the axes as shown.) 

y 



0(0.b) 



2. 
3. 



4. 
5. 




A(O.O) B(a,0) 

The midpoint of the hypotenuse of a right triangle is equi- 
distant from its three vertices. 

Every point on the perpendicular bisector of a segment is 
equidistant from the ends of the segment. (Hint: Select the 
axes in a position which will make the algebraic computation 
as simple as possible.) 

Every point equidistant from the ends of a segment lies on 
the perpendicular bisector of the segment. 

The diagonals of a parallelo- 
gram bisect each other. (Hint: 
Give the vertices of parallelo- 
gram ABCD the coordinates 
shown in the diagram. Show 
that both diagonals have the 



same midpoint. ) 




B(a,0) 



erJc 
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de line segment joining the mid-points of the diagonals of 
a trapezoid is paiullel to the bases and equal in length to 
half the difference of their lengttis. 
In the figure R and S are midpoints of the diagonals 
AC and W of trapezoid ABCD. 

y 




AiCCO) 

The se©nents Joining mid- 
points of opposite sides 
of any quadrilateral bisect 
each ether. (The 4's in 
the diagram are suggested 
by the fact the midpoints 
of segments joining mid- 
points must be found,) 



The area of Aabc is 
a(t-3kb(r -t}-fc(s-r) 

where A = (a,r), B « (b,s) 
and C = (c,t). (Hint: 
Find three trapezoids in 
the figure . ) 



Given: In ^XXZ, /X is 
acute and 2!? is an altitude. 
Prove : ZY^ = X2^ + xy^ - 2Xy • XR. 




C{c,t) 



Y(a.O) R(b.O} 
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10, If ABCD is any quadrilateral with diagonals and EP, 
and if M and N are the midpoints of these diagonals, 
then AB^ + BC^ 4- CD^ + DA^ « AC^ + BD^ + 

11, In AABC, is a median to side TS, 
Prove AC^ 4- BC^ - ^ + SMC^. 



9. The Graph of a Condition . 

By a graph we mean simply a figure in the plane j that is, a 
set of points. For example, triangles, rays, lines and half- 
planes are graphs. We can describe a graph by stating a condition 
which is satisfied by all points of the graph, and by no other 
points. Here are some examples showing a condition, a description 
of the graph, and the figure for each: 



OP is 2. 



Condition 

1, Both of the coordinates 
of the point P are 
positive, 

2, The distance 

3, OP < 1 



4, X = 0. 

5. y = 0. 



1. 



7, X = 0 and y ^ 0 



2. 
3. 

4. 

5. 
6. 

7. 



Graph 
The first quadrant. 



The circle with center at 
the origin, and radius 2. 

The interior of the circle 
with center at the origin 
and radius 1. 

Ttie y-axis. 

OSie x-axis. 



The ray OA, 
A = (1,0). 

The ray oS, 
B = (0,-1). 



Where 



where 
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Ohe ««ven gi«phB look like this: 
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A 



5. 



6. 



r 








0 


1 


4" 


B 



7. 



You should check carefully, in each of these cases, that the graph 
is really accurately described by the condition in the left-hand 
colunm above. Notice that we use diagonal cross-hatching to in- 
dicate a region. 

If a graph is described by a certain condition, then the 
graph is called the graph of that condition. For example, the 
first quadrant is the graph of the condition x > 0 and y > 0; 
the circle in Figure 2 is the graph of the condition OP - 2j 
the y-axis is the graph of the condition x - 0; the x-axis is 
the graph of the condition y - Oj and so on. 

Very often the condition describing a graph will be stated in 
the form of an equation. In these cases we naturally speak of the 
graph of the given equation. 
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problem Set 2 

Sketch and describe the graphs of the conditions stated below: 
1- (*) =c - 5. (b) |x| - 5. 

2. (a) y > 3. (b) jyj < 3. 

3. 0 < X < 2. 

^. -1 1 X £ 5. 

5. -2 ^ y < 2. 

6. X < 0 and y > 0. 

7. X > 3 and y < -l. 

8. (a) X is a positive integer- 

(b) y is a positive integer. 

(c) Both X and y are positive integers. 

9. X > 0, y > 0, and y > x. 

10. 1 ^ x < 3 and 1 ^ y ^ 5. 
•11. |xj < 4 and |y| < 4. 

12. |x| < 4 and |y| - 4. 

13. y - {xj. 
1^. Ix| - |y|. 
15. |x| + |yj « 5. 

•16, Make a table of sorae number pairs which satisfy the follow- 
ing sentences. Use these to sketch the graph of each. 

(a) 2x + y - 1 0 (f ) y - 2x^ - x 

(b) y = x^ (g) X = Jy - 2| 
(«^) y - X - 2 (h) y ^ X + 3 

(d) (x - l)y - 0 (i) X > y2 

(e) xy + 3x » 0 (j) y > (xj 



# 



« 



10. How to Describe a Line by 

We are going to show that 
type of equation. We start by 
characterizes the line. 



an Equation . 

any line is the graph of a simple 
considering the condition which 
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Consider a non-vertical line L, with slope m. Let P 
be a point of L, with coordinates (x^^y^^). 




Suppose that Q Is some other point of L, with coordinates (x,y). 
Since lies in L the slope of must be m, and the 

coordinates of Q must satisfy the condition 



=• = m. 

Notice that this equation is not satisfied by the coordinates of 
the point P, because when x = x^^ and y = y^, the left-hand 
side of the equation becomes the nonsensical expression -^t which 
is not equal to m (or to anything else, for that matter). If we 
multiply both sides of this equation by x - x^^ with x / x^, we 
get 

y - y^ - m(x - x^). 

This eqxiation is still satisfied for every point on the line dif- 
ferent from P. And it is also satisfied for the point P itself, 
because when x x^ and y = y^, the equation takes the form 
0 0, which is a true statement. 

This is sunmarized in the following theorem: 

Theorem 6. Let L be a non-vertical line with slope m, 

and let P be a point of L, with coordinates (x^jy^^). 
For every point Q = (x,y) of L, the equation 
y - y^^ = m{x - x^) is satisfied. 
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You might think at first that we have proved that the line h 
is the graph of the equation y - y^^ - m(x - x^). But to know that 
the latter is true we need to know that 

(1) Every point on L satisfies the equation; 

(2) Every point that satisfies the equation is on L. 

We have only shown (1), so we have still to show (2). We shall do 
this indirectly, by showing that if a point is not on L, then it 
does not satisfy the equation. 

Suppose that Q = (x,y) is not on L. Then there is a point 
Q' - {x,y') which is on L, with y' ^ y, like thir : 




By Theorem 1, 
hence. 



■ t _ 



X - X, 



= mj 



y = y. + m(x - ). 



Since y' / y, this means that 



y / y, + ni(x - X, ). 



Therefore, 



Therefore, the equation is satisfied only by points of the line. 
We have now proved the very important theorem: 
Theorem 7. The graph of the equation 

y - y-j^ = m(x - x^) 

is the line that passes through the point (xj_,y^) and 
has slope m. 
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The equation given in Thao2?«o 7 io called the point -slope 
form of the equation of the line. Let us take an example: 




X 



Here we have a line that passes through the points P » (1,2) 
and Q = (^,6). The slope is 

6-2 4 
in = 1^ Y " 

Using P « (1,2) as the fixed point, vje get the equation 

(1) y . 2 = |(x - 1). 

(Here y-j_ = 2, = 1, and m = "I.) In an equivalent form, this 
becomes 

(2) 3y - 6 = 4x - (How?) 
or (3) 4x - 3y » -2. 

Notice, however, that while Equation (3) is simpler to look at if 
all we want to do is look at it, the Equation (l) is easier to 
interpret geometrically. Theorem 7 tells uj that the graph of 
Equation (l) is the line that passes through the point P = (1,2) 
and has slope 

The student can readily verify that we will get the same or 
an equivalent equation if we use Q as the fixed point instead 
of P. 

Given an eqxmtion in the point-slope form, it is easy to see 
what the line is. For example, suppose that we have given the 

equation , , . 

^ y - 2 = 3(x - 4). 
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The line contains the point (4,^), and nas slope m . 3. To 
dran a line on graph paper, we merely need to know the coordinates 
of one more point. If x » 0, then 

y - 2 « -12 

and 

y - -10. 

Therefore, the point (o,-10) is on the line, and we can complete 
the graph: 




Logically speaking, this is all that we need. As a practical 
matter, it is a very good idea to check the coordinates of one 
more point. Ihis point can be selected anywhere along the line 
but to serve as a good check it should not be too near the other 
two points. If we take x = 2, we get 

y - 2 = -6, or y = -4. 

As well as we can judge from the figure, the point (2,-4) lies 
on the line. 

At the beginning of this section we promised to show that any 
line is the graph of a simple type of equation. We have shown this 
for any non-vertical line, but we must still consider a vertical 
line. Suppose a vertical line crosses the x-axis at the point with 
coordinates (a,0), as in the' figure. 
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y 







(a.o) ^ 




1 


1 



Since the vertical line is perpendicular to the x-axis, every 
point of the line has its x-coordinate eqvial to a. Furthermore, 
any point not on the line will have its x-coordinate not equal to 
a. Hence, the condition which characterizes the vertical line is 
X = a, certainly a very simple tyi>e of equation. 

Problem Set _8. 

In each of the following problems, we have given the coordin- 
ates of a point P and the value of the slope m. Write the 
point-slope form of the equation of the corresponding line, and 
draw the graph. Check your work by checking the coordinates of 
at least one point that was not used in plotting the line. It is 
all right to draw several of these graphs on the same set of axes, 
as long as the figures do not become too crowded. 

1. P = (-1,2), m = 4. 

2. P = (1,-1), m 

3. P = (0,5), m = 

4. P = (-1,-4), m 

5. p = (3,-2), m = 0. 
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By changing to a point -slope form where necessary, show that 
the graph of each of the following equations is a line. a!hen draw 
the graph and check, as in the preceding problems. 



6. 


y - 


1 « 2(x - 4). 


12. 


y = 


2x. 


7. 


y » 


2x - 7. 


13. 


y » 


2x - 6. 


8. 


2x 


- y - 7 = 0. 


14. 


y = 


2x + 5. 


9. 


y + 


5 - ■|{x + 3). 


15. 


X = 


4. 


10. 


X - 


3y = 12. 


16. 


X - 


0. 


11. 


y = 


X. 


17. 


y = 


0. 



18. Thinking in three-dimensional coordinates, describe in words 
the set of points represented by the following equations. 
For example, y = 0 is the equation of the xz -plane; that 
is, the plane determined by the x and z-axes. (Refer 
to Problem 12 of Problem Set 3.) 

(a) X - 0. (c) X = 1. 

(h) 2=0. (d) y = 2. 



11 . Various Forms of the Equation of a Line . 

We already know how to write an equation for a non-vertical 
line if we know the slope m and the coordinates (x^.y^) of 
one point of the line. In this case we know that the line is the 
graph of the equation 

y - yj_ = m(x - x^), 
in the point -slope form. 

Definition; The point where the line crosses the y-axls is 
called the y-interceot. If this is the point (0,b), then the 
point-slope equation takes the form 

y - b = m(x - 0), 
y = mx + b. 

This Is called the slope-intercept form. The number b is also 
called the y-intercept of the line, (when we see the phrase 
y-intercept, we will have to tell from the context whether the 



ERIC 



41 

4r 



number to or the point (0,b) is meant.) Thus, we have the 
following theorem: 

Theorem 8 . The graph of the equation 

y = mx + b 

is the line with slope m and y-intercept b. 
If we have an equation given in this form, then it is easy to 
draw the graph. All we need to do is to give x any value other 
than 0, and find the corresponding value of y. We then have 
the coordinates of two points on the line, and can draw the line. 
For example, suppose that we have given 

y = 3x - 4. 

Obviously, the point (0,-4) is on the graph. Setting x = 2, 
we get 

y = 6 - 4 = 2. 

Therefore, the point (2,2) is on the line, and the line there- 
fore looks like this: 




As a check, we find that for x = 1, 

y = 3 - 4 = -1, 

and the point (1,-1) lies on the graph, as well as we can Judge. 
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Notice that once me have Tteorm 8, we can prove that certain 
equations represent lines, by converting them to the slope-inter- 
cept form. For example, suppose we have given 

(1) 3x + 2y + 4 - 0. 

This is algebraically equivalent to the equation 

2y - -3x - 4, 

or 

(2) y»-|x.2. 

Being equivalent. Equations (l) and (2) have the same graph. The 
Sraph of (2) is a line; namely, the line with slope m = - 1 and 
y-mtercept b = -2. The graph of (1) is the same line. ^ 



12. The General Form of the Equation of a Line . 

Theorem 8, of course, applies only to non-vertical lines, 
because these are the ones that have slopes. Vertical lines are 
very simple objects, algebraically speaking, because they are the 
graphs of simple equations, of the form 



X = a. 



Thus, we have two kinds of equations (y = mx + b and x = a) for 
non-vertical ar.d vertical lines, respectively. We can tie all this 
together, including both cases, in the following way. 

Definition : By a linear equation in x and ^ we mean an 
equation of the form 

Ax + By + C = 0, 
where A and B are not both zero . 

The following two theorems describe the relation between 
geometry and algebra, as far as lines are concerned; 

2- Svery line in the plane is the graph of a linear 
equation in x and y. 

P^eo^^^, 10. I^ie graph of a linear equation in x and y 
is a line. 

Now that we have got this far, both of these theorems are 
very easy to prove. 
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Proof of Theorem 9: Let L be a line in the plane. If L 
is vertical, then L is the graph of an eqtiation 

X = a, 

or 

X - a = 0. 

This has the form Ax + By + C = 0, where A - 1, B = 0, C = -a. 
A and B are not hoth isero, because A = 1, and so the eciuation 
is linear. 

If L is not vertical, then L has a slope m and crosses 
the y-^xis at some point (0,b). Therefore, L is the graph of 
the equation 

y = rax + b, 

or 

rax - y + b = 0. 

This has the form Ax + By -f- C = 0, where A = m, B = -1, C = b. 
A and B are not both zero, because B = -1. Therefore, the 
equation is linear. (Notice that it can easily happen that m = 0; 
this holds true for all horizontal lines. Notice also that the 
equation is not unique: e.g., 2Ax + 2By + 2C = 0 has the same 
graph as Ax + By + C = 0.) 

Proof of Theorem 10: Given the equation Ax + By + C = 0 
with A and B not both zero. 

Case 1. If B = 0, then the equation has the form 

Ax = -C. 

Since B = 0, we know that A ^ 0. Therefore, we can divide by 
A, getting ^ 

The graph of this equation is a vertical line. 

Case . 2. Suppose that B 0. Then we can divide by B, 
getting 

|x + y + I = 0, 

or 

The graph of this equation is a line; namely, the line with slope 

A ^ . C 

m = - ^ and y-intercept b = - ^. 

4!' 



To m&ke sure that you underatamd what has been proved, in 
5heoreins 9 and 10, you should notice carefully a certain thing 
that has not been proved. We have not proved that if a given 
equation has a line as its graph, then the equation is linear. 
And, in fact, this latter statement is not true. For example, 
consider the equation 

2 

X = 0. 

Now the only number whose square is zero Is the number zero itself. 
Therefore, the equation x = 0 says the same thing as the equa- 
tion X « 0. ISierefore, the graph of the equation - 0 is 
the y-^is, which is, of course, a line. Similarly, the graph of 
the equation 

. 0 

is the x-axls. 

The same sort of thing can happen in cases where It Is not so 

easy to see what Is going on. For example, take the equation 

2 2 
x + y = 2xy, 

This can be written in the form 



or 



- 2xy + y^ = 0, 
(x - y)2 = 0. 



The graph is the same as the graph of the equation 

X - y = 0, 

or 

y = X. 

The graph is a line. 

Notice that the proof of "Kieorem 10 gives us a practical 
procedure for getting Information about the line from the general 
equation. If B = 0, then we have the vertical line given by 
the equation 

Otherwise, we solve for y, getting 

y = - ^x - ^ 
^ B^ B' 



where the slope is m = - 4 

and the y-lntercept is b = - — . 

5 
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Px^blem Set 

Sketch the graphs of the folloi«ing equations: 

1. 2x + 5y - 7. 3. X 4 - 0. 

2. ^ - 2x + 3 » 0. 4. y + 4 « 0. 

Describe the graphs of the following equations: 

5. O.x+O-y-O. 7. + y^ - 0. 

6, 0 . X + 0 • y » 2. 8. x*^ » -1. 

Sketch the graphs of the following conditions: 

9. 3x + 4y » 0 and x ^ 0. 11. (x + y)^ - 0. 

10. 5x - 2y = 0 and 5^yllO. 12. (y - 1)^^ = 0. 

Find linear equations (Ax + By + C « O) of which the following 
lines are the graphs. State the values for A, B, C in your 
answer. 

13. The line through (1,2) with slope 3. 

14. The line through (1,0) and (0,1). 

15. The line with slope 2 and y-intercept -4. 

16. TSie X-axis. 

17. The y-axis. 

18. The horizontal line through (-5,-3). 

19. The vertical line through (-5,-3). 

20. The line through the origin and the midpoint of the segment 
with endpoints (3,2) and (7,0). 



13. Intersection of Lines . 

Suppose that we have given the equations of two lines, like 

this : 

L^: 2x + y = 4, 
L^: x - y = -1. 
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These lines are not parallel because the slope of the first is 

• -2, and the slope of the second is njg - 1. Therefore, 
they intersect in some point p - (x,y). The pair of numbers 
(x,y) must satisfy both equations. Therefore, the geometric 
problem of finding the point P is equivalent to the algebraic 
problem of solving a system of two linear equations in two un- 
knowns . 

To solve the system is easy. Adding the two equations, we 

get 

3x = 3, 

or 

X = 1. 

Substituting 1 for x in the second equation, we get y = 2. 
The values x = 1, y = 2 will also satisfy the first equation. 
Therefore, P = (1,2). The graph makes this look plausible: 



y 




X 



This method always gives the answer to our problem, whenever 
our problem has an answer; that is, whenever the graphs of the two 
equations intersect. If the lines are parallel, then the corres- 
ponding system of equations will be inconsistent ; that is, the 
solution of the system will be the empty set. This will be plain 
enough when we try to solve the system. 
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1. 



2. 



3. 



4. 



Problem Set 10. 

Find the canmon solution of the following pairs of equations 
and draw their graphs. 

(a) 

M 
(c) 

(a) 

would 1)6 parallel lines? 
(h) Intersecting but not coincident lines? 
(c) Coincident lines? 

The equations are: 

(1) y » 3x + 1. (3) 2y - 6x + 2. 

(2) y = 4x + 1. (4) y - 3x = 2. 



y » 2x and x + y » 7. 

y » 2x and y - 2x » 3. 

X + y « 3 and 2y « 6 - 2x. 

The graphs of which pairs of the equations listed below 



Suppose the unit in our coordinate system is 1 mile. How 
many miles from the origin is the point where the line 
y - !> Aj.x - 4 crosses the x-axis? 



Find the intersection of the 
graphs of the following pairs 
of conditions : 

(a) y = 2x and y = 4. 

(b) y = 2x and y 2 ^» ' 

(c) y < 2x and y > 4. 

(d) What pair of conditions 
will determine the 
interior of the angle 
shown In the figure? 




(a) Sketch the intersection of the graphs of all three 
conditions x -f y > 3, y < 4, x < 2. 

(b) State the three conditions 
which would determine the 
interior of the triangle 
shown. 

(3.0) 




(0,3) 
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6. 



7. 



•8. 



»9. 



Find an equation for the perpendicular bisector of the seg- 
ment with endpointa (3,^^) and (5,8). 

Find equations for the 
peiT>endicular bisectors 
of the sides of 
A(3,^)(5,8)(-l,lo), 
and show that they inter- 
sect in a point. 



C(-J.IO) 



B(5,8) 




Ttie following instructions were found on an ancient document. 
"Start from the crossing of King's Road and Queen's Road. 
Proceeding north on King's Road, find first a pine tree, 
then a maple. Return to the crossing. West on Queen's Road 
there is an elm and east on Queen's Road there is a spruce. 
One magical point is where the elm-pine line meets the 
maple -spruce line. The other magical point is where the 
spruce -pine line meets the elm-maple line. The line Joining 
the two magical points meets Queen's Road where the treasure 
is buried." 

A search party found the elm k miles from the cross- 
ing, the spruce 2 miles from the crossing, and the pine 
3 miles from the crossing, but there was no trace of the 
maple. Nevertheless, they were able to find the treasure 
from the instructions. Show how this was done. 

One man in the party remarked on how fortunate they 
were to have found the pine still standing. The leader 
laughed and said, "We didn't need the pine tree either." 
Show that he was ri^ht. 

One of the altitudes of the /^ABC, where A = (-4,0), 
B - (7,0), c - (0,8), is the y-axis. Why? Prove, using 
coordinate methods, that the altitudes from A and B meet 
on- that axis. (Hint: Find the intersections of those 
altitudes with the y-axls.) Do the same for the triangles 
with vertices (a,0), (b,0), (o,c). 
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♦9. (continued) y 



1 




AM.O) 


K 


B(7,0) 



♦10. The centrold of a triangle is defined as t^e intersection of 
the three medians. Prove that the coordinates of the cen- 
troid are just the averages of the coordinates of the vertices. 

♦11. Find the distance from the point (1,2) to the line 
X + 3y + 1 = 0. 

*12. Find the distance from the point (a,b) to the line y = x. 

*13. In the general case of the triangle of Problem 9, let H be 
the point of concurrence of the altitudes, M the point of 
concurrence of the medians, and D the point of concurrence 
of the perpendicular bisectors of the sides. Prove, using 
Problems 9 and 10 that these three points are collinear, 
and that M divides M in the ratio two to one (refer to 
Problem 8 of Problem Set 7). 
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14. Clrelea . 

Consider the circle with center at the origin and radius P. 

y 




This figure is defined by the condition 

OP = r. 

Algebraically, in terms of the distance formula, this says that 

/ (x - 0)^ + (y - 0)^ = r. 



or 



2,2 2 
X + y = r . 



That is, if P(x,y) is a point of the circle, then x^ + y^ = r^. 
We still have to show that if + y^ = r^, then P(x,y) is a 
point of the circle. This we do by reversing the algebraic steps: 



If 
then 



2.2 2 
X + y = r 



/ (x - 0)^ + (y - of = r. 



since r is a positive number. This equation says that OP = r, 
and so P is a point of the circle. 



ERIC 



51 



Considerj more generally, the circle with center at the point 
Q « (a^b) and radius r. 




This Is defined by the condition QP = r, 
or 

/(x - a)^ + (y - b)^ = r, 

or 

(x - a)^ + (y - \>f = r^. 

In this case, also, the algebraic steps can be reversed, and so 
we can say that 

(x - a)^ + (y - b)2 = r^ 

is the equation of the circle. 

This is the standard form of the equation of the circle, with 
center (a,b) and radius r. For future reference, let us state 
this result as a theorem. 

Theorem 11 . The graph of the equation 

(x - a)2 + {y - b)^ = r^ 
is the circle with center at (a,b) and radius r. 

If an equation is "given in this form, we can read off iimned- 
iately the radius and the coordinates of the center. For example, 
suppose that we have given the equation 

(x - sf + (y + 3)^ = 4. 
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The center is the point (2,-3), the radius is 2, and the 
circle looks like this: 




So far, this is easy enough. But suppose that the standard 
form of the equation has fallen into the hands of someone who 
likes to "simplify" formulas algebi^ically. He would have 
"simplified" the equation like this: 



X 



2 . 4x + 4 + y2 + 6y + 9 = i| 



2 2 

X + y - 4x + 6y + 9 = 0. 
Prom his final form, it isn't at all easy to see what the graph 
is. Sometimes we will find equations given in forms like this. 
Therefore, we need to know how to "unsimplify" these forms so as 
to get back the standax^ form 

(x - a)2 + (y . = j,2^ 

The procedure is this. First we group the terms in x together, 
and the terms in y together, and write the equation with the 
constant term on the right, like this: 

X - 4x + y^ + 6y = _9. 

Then we see what constant should be added to the first two terms 
to complete a perfect square. Recall that to find this constant 
takes half of the coefficient of x, and square the result. Here 
we get 4. The same process, applied to the third and fourth 
terms, shows that we should add 9 in order to make a perfect 
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square. ISaus, we are going to add a total of 13 to the left- 
hand side of the equation. Therefore, we must add 13 to the 
right-hand side. Now our equation takes the equivalent form 

x2 _ 4x + 4 + + 6y + 9 = -9 + 13, 



or 



(x - 2f + (y + 3)^ = 4, 



as before. 

If we multiply out and simplify in the standard form, we get 

o o 2 2 2 

+ y2 _ 2ax - 2hy +a +b -r =0. 

Ilais has the form 

+ y^ + Ax + By + C = 0. 

Thus, we have the theorem: 

Theorem 12. Every circle is the graph of an equation of 
the form 

+ y^ + Ax + By + C = 0. 

It might seem reasonable to suppose that the converse is also 
true. That is, we might think that every equation of the form 
that we have been discussing has a circle as its graph. But this 
is not true by any means. For example, consider the equation 

+ y^ = 0. 

Here A, B and C are all zero. If x and y satisfy this 
equation, then x and y are both zero. That is, the graph of 
the equation is a single point; namely, the origin. 
Consider next the equation 

+ y^ + 1 = 0. 

Here A = B = 0 and C = 1. This equation is not satisfied by 
the coordinates of any point whatsoever. (Since x > 0, and 
y2 2 0' and 1 > 0, it follows that x^ + y^ + 1 > 0 for every 
pair of real numbers x and y.) For this equation, the graph 
has no points at all , and is therefore the empty set. 

In fact, the only possibilities are the circle that we would 
normally expect, plus the two unexpected possibilities that we 
have just noted. 
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Theorem 13 . Given the equation 



2 2 

X -i- y + Ax 4- By + C = 0. 

The graph of this equation is (l) a circle, (2) a point 
or (3) the empty set. 

Proof: Let us complete the square for the terms in x, and 
complete the square for the terms in y. Just as we did in the 
particular case that we worked out above. This gives 

+ Ax + ^ + y2 + By + ^ = -C + ^ + 



or 



If the fraction on the right is positive, equal to r^ with 
r > 0, then the graph is a circle with center at (-p-f) and 
radius r. If the fraction on the right is zero, then the graph 
is the single point (-|,-|). if the fraction on the right is 
negative, then the equation is never satisfied, and the graph 
contains no points at all. 



Problem Set 11. 



1. The circle shown has a 

radius of 5 units. Find 
the value of: 
2 2 

(a) + ^1 • 



(b) x^ + y^ . 

(c) x^ + y 



2 

2 

2 

3 • 



{d) x^2 + y^^. 
(e) 



2 ^ 2 

X5 + y^ . 
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2. (a) Which of the following eight equations have graphs which 

are circles? 

(h) Which of the circles would have centers at the origin? 

(c) Which would have centers on an axis, but not at the 
origin? 

(1) x^ + (y - 1)^ = 9. (5) ,(x - 2)2 - (y - 9)^ = l6. 

(2) y = x^. (6) (x - 2)2 + (y - 3)^ = l6. 

(3) x^ + y2 = 7. (7) 3x2 ^ ^2 ^ 

(4) 1 - x2 = y2. (8) x2 + = 0. 

3. Determine the center and radius of each of the following 



circles , 


1 










(a) x 




y = 3 . 


(f) 


(x - 


4)2 + (y - 3)2 = 36. 


(D) x2 




- 100. 


(s) 


(x + 


1)2 + (y + 5)2 = 49. 


(c) (x 




1)2 ^ y2 = 16. 


(h) 


2 

X 


2x + 1 + y2 = 25. 


id) x2 




o 

y*- = 7. 


(i) 


2 

X 


2x + y2 = 24. 


(e) y2 




4 - x2. 


(J) 


x2 . 


6x + y2 - 4y = 12. 



2 2 

4. A circle has the equation: x - lOx + y =0. 

(a) Show algebraically that the points (0,0), (1,3) and 
(2,4) all lie on the circle. 

(b) Find the center and radius of the circle. 

(c) Show that if (1,3) is Joined to the ends of the 
diameter on the x-axis, a right angle is formed with 
vertex at (1,3). 

2 2 

5, (a) Find the points where the circle (x - 3) + y =25 

is intersected by the x and y-axes. 

(b) Considering portions of the x and y-axes as chords 
of the circle in part (a), prove that the products of 
the lengths of the parts into which each chord is 
divided by the other, are equal. 
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6. Dx»w the four circles obtained by choosing the various 
possible sign combinations in 

± 1)^ + (y ± 1)^ - 1. 
•Bien write the equations of the circle tangent to all four 
and containing them. Is there another circle tangent to all 
four? Vfhat is its radius? 

7. Draw the 4 circles given by 

+ = ±10x, + = +10y 

and write the equation of a circle tangent to all of them. 

8. Given the circle + y^ = l6 and the point K(-7,0). 

(a) Find the equation (in point-slope form) of the line L 
with slope m passing through the point K. ^ 

(b) Find the points (or point) of Intersection of and 
the circle. 

(c) For what values of m is there exactly one point of 
intersection? Interpret this result geometrically. 

9. Find an equation for a circle tangent externally to the 
circle 

2 2 

X + y - lOx - 6y + 30 = 0 
and also tangent to the x and y-axes. 



15. SetB Satisfying Geometric Conditions . 

In Section 9 we considered the question of determining the 
set of points whose coordinates satisfied some condition. In this 
section we reverse the question and ask for an algebraic descrip- 
tion of the set determined by some geometric condition. The 
machinery of coordinate geometry Is ideally suited for this task. 
We use the results of the preceding sections to write algebraic 
descriptions of geometric dontions. 

Example 1: Describe the set o. all points at a distance 1 
from the origin. 

Solution; Geometrically, the circle with center at the origin 
and radius l, satisfies this condition. This is a perfectly ^^ood 
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description of the set. However, we could still describe the set 
algebraically by using an equation to express the given geometric 
condition. 

Let P(x,y) by any point satisfying the condition. 
Then OP - 1. 

Using the distance formula 

/{x - 0)^ + (y - 0)'^ = 1 

or 

+ y^ = 1. 

This algebraic condition is simply a straightforward algebraic 
translation of the geometric condition. 

Example 2; Find the set of all points which are twice as far 
from the origin as from the point (2,0). 

Solution : In this case, we may have no idea what the geo- 
metric description of the set is. However, it is still easy to 
write out the algebraic description. 

Suppose P(x,y) is any point of the set and let A be the 
point (2,0). Then 

OP - 2(PA) 
V^c^T7 - a/(x - 2f + (y - 0)^ 

+ y'- = l+[(x - 2f + (y - of]. 
Simplifying, we get 3x^ + 3y^ - l6x + l6 = 0. 

From our work In Section 14, this last equation can be 
shown to be the equation of circle. (What is the center? 
What is the rsdius?) Therefore, the set of points con- 
taining all those points, and only those points, which 
are twice as far from the origin as from the point 
(2,0), is a circle. 

Problem Set 12. 
In each exercise the graph should be plotted. 

1, Write the equation describing the set of points which are at 
a distance 2 from the origin. 

2. Write the equation of the set of all points which are at a 
distance 1 from the point C(l,0). 
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3. 
4. 

5. 
6. 
7. 

8. 
*9. 

10. 
11. 

*12. 
13. 

14. 

15. 

16. 
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vrrite the equation of the set of all points which are at a 
distance 3 from the point c(0,2). 

Write the equation of the set of all points which are at a 
distance 5 ■ from the point C(2,3). 

Write the equation of the set of all points which are k 
units from the point C(-l,3). 

Write the equation of the set of all points at a distance r 
from the point C{h,k). Describe this set geometrically. 

Write the equation of the set of all points which are equi- 
distant from the points A{3,0) and B(5,0). 

Write the equation of the set of all points which are equi- 
distant from the points a(-2,-5) and P(3,2). 

Write the equation of the set of all points which are equi- 
distant from the points P^Cx^^y^) and P^Cx^.y^). Describe 
this set geometrically. 

Write the equation of the set of points each of which is 
twice as far from A(-2,0) as It is from B{l,0). 

Write the equation of the set of point.- each of which is the 
vertex of a right triangle whose hypotenuse is the line 
segment Joining (-1,0) and (1,0). Describe this set 
geometrically. 

Write the equation of the set of points each of which is the 
midpoint of a line segment of length 2 having Its endpoints 
on two perpendicular lines. 

Write the equation of the set of points each of which is the 
center of a circle which is tangent to the x-axls and which 
passes -through the point (0,l). 

Write an equation whose only solution is x =^ 0, y = 0; 
thp.t is, glv-^" an equation for the origin. 

Write an equation for the semicircle of radius 2 with 
center at (0,0) and lying to the left of the y-axis. 

Write an equation of the set of all points (x,y) such that 
the area of the triangle with vertices (x,y), (0,0) and 
(3,0) Is 2. 
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REVIEW PROBLEMS 



1. What are the coordinates of the projection into the x-axls 
of the point (5,2)? 

2. Three of the vertices of a rectangle are (-1,-1), (3,-1) 
and (3,5). What is the fourth vertex? 

3. An isosceles triangle has vertices (0,0), (^,0) and 
(2a, 2b). What is the slope of the median from the origin? 
of the median from (2a,2h)? 

4.. In Problem 3 what is the slope of the altitude which contains 
the origin? 

5. What is the length of each of the medians of the triangle in 
Problem 3? 

6. What is the slope of a line that is parallel to a line which 
passes through the origin and through (-2,3)? 

7. The vertices of a quadrilateral are (0,0), (5,5), (7,1) 
and (1,7). What are the lengths of its diagonals? 

8. What are the coordinates of the mid-points of segments Join- 
ing the pairs of points in Problem 7? 

g. The vertices of a square are labeled consecutively, P, Q, 
R and S. T is the midpoint of "^K and U is the mid- 
point of 1^. W intersects QtJ at V. 

(a) Prove that W ^ W' 

(b) Prove that W j_ 
*(c) Prove that VS = PQ, 

(Hint: Let P - (0,0) and Q= (2a, O).) 

10. Use coordinate geometry to prove the theorem: The median of 
a trapezoid bisects a diagonal. 

11. What is the equation whose graph is the y-axls? 

12. A rhombus ABCD has A at the origin and in the 
positive X-axis, m/a = 45, AB = 6, C is in the first 
quadrant. What is the equation of AB? BC? ^? 
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13. The coordinates of the vertices of a trapezoid are, con- 
secutively, (0,0), (a,0), (b,c) and (d,c). Find the 
area of the trapezoid in terms of these coordinates. 

1^. The graphs of the equations y « and y = -2x + 5 are 
perpendicular to each other at what point? 

15. Name the set of points such that the sum of the squares of 
the distances of each point from the tvio axes is 4. 

16. Write an equation of the circle which has 

(a) its radius 7 and center at the origin. 

(b) its radius k and center at the origin. 

(c) its radius 3 and center at (l,2). 

*17. Prove that the line x + y = 2 is tangent to the circle 
x"^ + y'^^ = 2. 



ERIC 
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